The high-latitude ionosphere is characterised by plasma density irregularities with typical lengths in a wide range of scales (from ~1 m up to ~1000 km). The enhancement of these irregularities caused for instance by severe Space Weather conditions can affect trans-ionospheric communications between ground facilities and satellites. 
that ionospheric turbulence is of central importance in driving these irregularities, being capable of generating coherent structures and plasma inhomogeneities (see, e.g., Basu et al. 1984 ; Basu et al. 1988 ; Earle et al. 1989 ). In fact, in situ measurements below 1000 km altitude have established that the one-dimensional spectra of the density irregularities obey power-law scaling suggesting the existence of turbulence phenomena. However, the origin of the irregularities is a complex process, which can only partly be associated with turbulent processes that are not easy to discern. It has been suggested by Basu et al. (1984) , for example, that velocity shear driven turbulence is capable of enhancing the irregularities at short scale lengths and both satellite and rocket experiments have indicated the existence of a correlation between electrostatic turbulence and sheared crossed-field plasma flow arising from inhomogeneous electric fields (e.g., Basu et al., 1988; Earle et al., 1989) . Thus, the global changes of the solar wind-magnetosphere-ionosphere conditions can play a fundamental role in affecting the global ionospheric dynamics and in driving turbulent phenomena.
In light of these studies, the characterization of the ionospheric turbulence at Swarm altitude is of great importance to provide information on the mechanisms responsible for the generation and dynamics of ionospheric inhomogeneties or plasma density irregularities. In this framework, statistical studies of the average pattern of magnetic field and plasma parameters as a function of the different geomagnetic conditions can allow us to construct dynamic models of the ionospheric state and to unveil the underlying multiscale nature of its dynamics. The recent ESA-Swarm space mission (Friis-Christensen et al. 2006 ), which consists of three satellites (Alpha, Bravo, and Charlie) placed in two different polar orbits; Alpha and Charlie fly side by side at an altitude that initially was of about 470 km, Bravo flies at an altitude that initially was of about 520 km, provides a unique opportunity to make studies on the magnetic field and plasma parameter conditions in the ionosphere.
The purpose of this work is to characterize, from a statistical point of view, the scaling properties of the electron density at the average altitude of ~460 km, in order to gain new insights on the ionospheric turbulence in response to different conditions of the geomagnetic activity level. In particular, the ionospheric electron density is put in relation with the different quiet/disturbed conditions of the magnetosphere due to the interaction between the geomagnetic field and the plasma of solar origin in order to were determined analysing the cumulative distribution of the AE index values in the selected time period. The value of AE = 50 nT, which identifies a geomagnetic quiet period, corresponds to the value of the 25th percentile, while the value of AE = 250 nT corresponds to the 75th percentile and identifies a geomagnetic highly disturbed period. As the geomagnetic field is the main element of all the physical processes occurring in the magnetosphere-ionosphere system, and as the purpose of this work is to study the variations of the electron density and the scaling properties of its fluctuations at Swarm A altitudes under different geomagnetic activity levels, it comes natural to move from NEC to a magnetic frame of reference. The non-orthogonal Quasi-Dipole (QD) system is one of the most used in literature (Richmond 1995 , Emmert et al. 2010 , Laundal & Richmond 2017 . It is based on the definition of the geomagnetic apex, i.e. the point on a field line at the maximum height above the reference ellipsoid (semimajor equatorial axis, ! , of 6378.137 km, ellipticity of 1/298.51) modelling the Earth. In this system the longitude, !" , is the center dipole longitude of the apex location, while the QD latitude is defined as
where ℎ is the distance from the geoid surface, ℎ ! is the apex height above the reference ellipsoid, and the positive (negative) sign holds in the Northern (Southern) Hemisphere.
QD coordinates show two undoubted advantages when compared to other reference systems. Firstly, with respect to the orthogonal systems they are well defined and able to capture any feature at all the latitudes. Secondly, with respect to the other nonorthogonal systems they are suitable to locate phenomena with a specific height distribution (due to their dependence on ℎ), like those at the Swarm A altitudes. The transformation from NEC to QD coordinates was performed according to the following steps: 1) we made the transformation from geocentric latitude, longitude and satellite altitude to geodetic latitude, longitude and altitude, respectively, following the algorithm described in Keeler & Nievergelt (1998); 2) we followed the algorithm described in Emmert et al. (2010) longitude between the subsolar point and the location under consideration. In formula
where of course !" is expressed in degrees.
To analyse the features of the electron density and its fluctuations at mid and highlatitudes under different geomagnetic activity levels, we restricted to the range Figure 2 reports the monthly distribution of our data set according to the three geomagnetic activity levels in both the Hemispheres.
Method of Analysis
When the fluctuations associated with physical quantities are large enough and the transfer of energy occurs via a nonlinear cascade mechanism that involves many spatial and temporal scales, the system is in a turbulent state. Indeed, according to Falkovich Among the analysis techniques known by far, those based on the structure functions (Frisch, 1995) have been extensively used to capture the turbulent state of the ionospheric medium, and in general to study all those phenomena where turbulence is thought to play a fundamental role in the transfer of energy across a wide range of spatiotemporal scales. Given a time series, like in our case the electron density ! , at the generic scale (time, in this case), the q-th order structure function ! ( ) associated with the perturbation scale is defined as
where the ensemble average <…> runs over all the pairs separated by , which is the current scale of interest, over the time interval . For a stationary and scale-invariant electron density series, the structure function behaves like a power law of the perturbation with scaling exponent ( ), namely
In particular, the first-order structure function ! ( ) can be rewritten as
being ≡ (1) the Hurst exponent (Hurst, 1956 ). This quantity, which can take the values in the range [0,1], is a direct measure of the long-term memory of the series ! ( ), and can be used to get insights on its dynamical behaviour. In other words, can be considered as a benchmark for persistency, anti-persistency or randomness in ! ( ) analysis: when ∈ (0,0.5) the series follows an antipersistent behaviour, meaning that an increase (decrease) of ! ( ) will be statistically followed by a decrease (increase) in order to bring ! ( ) closer to the stationary value and to induce stability in the dynamical system. Conversely, when ∈ (0.5,1) the series follows a persistent behaviour, meaning that an increase (decrease) of ! ( ) will be statistically followed, For the sake of simplicity we will refer to the detrended electron density series as, again, ! ( ). Once set the triad !"# , !"# and we computed in each moving time window the first-order structure function and fitted to a power law in order to retrieve from equations 3 and 5, namely
For a self-affine fractal signal (such as a fractional Brownian motion) characterized by an Hurst exponent, H, the power spectral density ( ) is expected to scale, again, according to a power law ( ) ∝ !! where the spectral index is related to the Hurst exponent via the relation
showing that different values of correspond to different values of the spectral index (Bunde & Havlin 1995) . Thus, in our analysis the knowledge of the Hurst exponent of electron density fructuations may also provide information on the energy spectral content of fluctuations and consequently on the dynamic properties of the ionosphere (Balasis et al. 2006 (Balasis et al. , 2009 (Balasis et al. , 2013 . However, we remark that previous Eq. (7) is valid under the assumption that there are no corrections due to intermittency otherwise the expected value of the spectral index is < 2 + 1. As lies in the range [0,1], the spectral index spans the range [1, 3] . In particular, in the case of an antipersistent behaviour of fluctuations ( < 0.5) < 2 holds; while for persistent fluctuations ( > 0.5) 2 < < 3 holds.
Results and Discussion
In this section we are going to present the results of the analysis of the electron density and scaling features in term of polar maps. These maps have been obtained By looking at the change of the electron density distribution with the geomagnetic activity levels we notice that the most prominent electron density enhancements occur in the polar cap. These enhancements can be associated with the polar cap patches, which are defined as regions with F-layer plasma densities 2-10 times larger than the background density that are thought to originate some distance away and then be drifted by the polar convection. The electron density enhancement due to the precipitation of low-energy electrons ( < 300 eV) and the change of circulation triggered by an In order to obtain a measure of the variability field of the electron density we performed a local variance analysis. In particular, we retrieved the standard deviation, σ !" , maps of the electron density in the mid and high latitude regions of both the Northern and Southern Hemispheres. This provided a statistical indication of the local spread of electron density around the mean value, or in other words of the local amplitude of electron density fluctuations. Furthermore, variance, σ !" ! , is related to the spectral energy content of density fluctuations, and thus may give clues of the dynamic state of a system. We underline that in some known turbulent systems the fluctuations amplitude is typically of the same order of magnitude of the mean value. Figure 4 reports the spatial distribution of the ratio between the standard deviation of electron density (σ !" ) and the its mean value ( ! ) according to the three selected geomagnetic activity levels in both the hemispheres. The values are generally high, suggesting the existence of a turbulent regime in each of the analysed ionospheric regions. Such a complex behaviour is probably due to the onset of the instabilities rising as a consequence of the electron density gradients in the high-latitude ionosphere. Among the suggested mechanisms operating to generate these instabilities we mention the E x B current convective instability at intermediate scales (between 100 m and 10 km), which can be driven by field aligned currents and electric fields, and the occurrence of drift waves at smaller scales (see, e.g., Kelley et al. 1982) . It is interesting to notice that the values of σ !" / ! are generally higher in the Southern Hemisphere than in the Northern one, especially at lower latitudes in the night side. Lower latitude regions are characterised by the presence of steep density gradients and could drive processes of plasma instability on the base of the turbulent behaviour. In fact, it is reasonable to suppose that the increase of turbulence in these regions is the result of various inhomogeneities and nonstationarities in the magnetospheric plasma that are projected to these ionospheric regions through the magnetic field lines. The ultimate state in both the hemispheres at high latitudes is a diffusion of higher density fluctuation amplitudes indicating that the system is more "chaotic" in response to the increased geomagnetic activity. We also note a strong enhanced variability field of the electron density in the dawn sector with respect to the dusk one, which also leads to an increase of the asymmetry between dusk and dawn sectors. This enhancement and the following asymmetry is probably the result of the strong electron density gradients arising in correspondence to both dawn and dusk. These gradients, at MLT 06:00 are generally steeper at lower latitudes than at the higher ones, as toward the pole the length of the daytime (nigh time) is longer and longer, thus there is not an abrupt change of the ionization conditions in the F-layer of the ionosphere within 24 hours. As electron density gradients generate instabilities leading to turbulence, it is reasonable to expect a higher degree of turbulence in correspondence to MLT 06:00. Moreover, as the fluctuations amplitude represents a proxy of the degree of turbulence, this argument can explain the strong enhancement in the standard deviation maps of the electron density shown in Figure 4 . feature of all these results is the finding of power law spectra with indices between 1 and 3. As it was clear since the first studies on this topic, the presence of power laws indicates self-similarity, according to which the same physical processes operate at all the electron density scales available, and there is no evidence of preferred scales. On the contrary, the presence of more spectral indices indicates an intermittent character due to the presence of different energy transfer and dissipation mechanisms within the system, and to the local properties of the medium. By looking at the maps in Figure 4 , we argue that the values of the spectral index retrieved in our study may be associated with different turbulent regimes like, e.g., the shear flow turbulence with an inverse energy cascade (i.e., the transfer of energy occurs from the small scales to the large ones); the turbulence driven by the E x B current convective instability mentioned above; or the turbulence driven by strong electron density gradient drifts (Kintner Jr. 1976 ). In particular, the value = 0.33 of the iso-contours in the panels of Figure 5 corresponds to a spectral index = 1.66 under the hypothesis of no-intermittency corrections. This spectral index well separates the regions whose spectra are only slightly changed by the geomagnetic activity. These sorts of islands are characterised by a little change in the dynamical properties with respect to the other regions. Moreover, the value = 0.33, which corresponds to the first-order structure function ! , is the value expected by the Kolmogorov theory K41 in fluid turbulent media in absence of intermittency, which implies a correction to a typical value of about ≃ 0.37 (Ruiz- Chavarria et al. 1996) . This means that the dotted contour in Figure 5 well separates different turbulent regimes, being the classical K41 a smooth transition boundary between them. However, we remark that a better way to describe the dynamical evolution of the electron density in the ionosphere would be that of considering this quantity as a passive scalar that evolves according to the following equation (see, e.g., Celani et al. 2002 )
where is the plasma velocity field, the diffusivity coefficient and ƒ a source term. In such a theoretical framework the emergence of turbulence would cause a rapid growth of intermittent fluctuations, so that intermittency corrections to the Hurst exponent have to be included to provide a more reliable scenario. This study is demanded to a future work.
The only region that shows a persistent character in both the Hemispheres with the increase of geomagnetic activity (in white in the bottom panels of Figure 5 ) is associated with a spectral index > 2, that may be the result of a strong plasma shear flow regime operating on the system (Sridhar & Goldreich 1995).
Summary and Conclusions
The purpose of the current study was to perform a nonlinear analysis capable of providing information on the dynamical state of the mid and high-latitude electron density and it fluctuations. that as a consequence of density fluctuations the system rapidly responds in order to bring back the density to its stationary value. The minimum occurs in the dayside and in correspondence to the polar cap, probably where the solar ionization and the particle precipitation have a stabilizing effect on the fluctuations. We also find that the antipersistent character tends to be less and less pronounced during increased geomagnetic activity. This means that the internal stabilizing processes are less and less effective in bringing back the system to stationary conditions in presence of externally induced disturbances that tend to more and more increase the electron density fluctuations.
Our findings are consistent with a turbulent interpretation of the ionospheric dynamics, and with the presence of different turbulent regimes in different locations and different geomagnetic activity conditions. We believe this work may stimulate a constructive debate in the community, playing the turbulence a fundamental role in the ionospheric dynamics in response to its coupling with the magnetosphere and ultimately with the solar wind. Furthermore, it will contribute to better understand the actual ionosphere state during both quiet and active periods, and hopefully be able to perform reliable predictions of the occurrence of fluctuations that may represent a Space
Weather hazard.
